Introduction
Let b, c and N be positive integers and define H b, c (N ) to be the number of solutions of the diophantine equation is solvable, where and below the letter p, with or without subscript, always denotes a prime number. This conjecture is perhaps out of reach at present. However, motivated by [4] , the sieve theory and the circle method enable us to obtain the following approximation to it. We only provide the proof for the case b = 6, c = 7 and r = 42. The other results can be deduced similarly.
Theorem 1.1. Let b and c be positive integers such that
5 18 < 1 b + 1 c ≤ 1 3 .
For a sufficiently large odd integer N , let R b, c (N ) denote the number of solutions of the equation
N = x 2 + p
Notation and auxiliary lemmas
In this paper, N denotes a sufficiently large odd integer. As usual, ϕ(n) and µ(n) stand for the Euler totient function and the Möbius function respectively. Denote by τ k (n) the k-dimensional divisor function and write τ (n) = τ 2 (n). By p ||m we mean that p |m but p +1 m. We use (m, n) to stand for the greatest common divisor of m and n. We always denote by χ a Dirichlet character (mod q), and by χ 0 the principal Dirichlet character (mod q). By χ(q) we denote a sum with χ running over the Dirichlet character (mod q). For positive A and B, A B stands for A B A. We denote by x(q) and x(q) * sums with x running over a complete system and a reduced system of residues modulo q respectively. We write e(α) = e 2πα . Let a(m) and b(n) be complex numbers with |a(m)| ≤ 1, |b(n)| ≤ 1. The letter ε denotes a sufficiently small positive number. c is some positive 
Let Q be some positive number satisfying Q < √ N /2. We define the intervals Proof. It follows from (4.5) in [3] .
+ε .
In particular, for (p, a) = 1 we have
where
Proof. For (i) and ( .
Then we have
Proof. See Lemma 1 of J. Brüdern [1] .
Lemma 2.4. We have
+ε ,
log N 8 .
Proof. See Lemmas 2.2 and 2.4 of Cai [4] .
and
Lemma 2.5. We have
e(βn 6 ). 
Xiaodong Lü, Quanwu Mu By Gallagher's Lemma 1 in [7] and Siegel-Walfisz Theorem (see (4) in Chapter 22 of [6] ), we have (2.6)
and similarly,
It follows from (2.5)-(2.7) that (2.8)
This proves (i). By (2.2) and (2.4), we have
The proof of Lemma 2.5 is completed.
On Waring-Goldbach problem of mixed powers 529 Lemma 2.6. For α ∈ M(Q 0 ), we have
Proof. By some routine arrangements, it follows from Siegel-Walfisz Theorem and summation by parts.
A mean value theorem
In this section, we prove a mean value theorem for the proof of the theorem.
Then we have
Proof. It is easy to see that
By Cauchy's inequality, Lemmas 2.3 and 2.4, we have 
When α ∈ B(Q 1 ), using Theorem 4.1 of Vaughan [14] we can get
where (3.2) is used. We rewrite (3.4) in the form (3.5)
In the following, we will first prove that the second integral in the above brackets only gives a negligible contribution, and then show that the first integral in the above brackets yields the main term.
Let
where N(q, a) is defined by (2.1). Then we have
On Waring-Goldbach problem of mixed powers
this with (2.2) and (2.4) yields
Thus, by Cauchy's inequality and Hua's inequality, we have (3.7) 
532
Xiaodong Lü, Quanwu Mu By Cauchy's inequality, Lemmas 2.4 (ii) and 2.5, we deduce that
By (3.8)-(3.10), we get
Similarly to (3.6), we get
Lemma 2.2 (ii) and (2.4), we have
Hence by Lemmas 2.4 (ii) and 2.5 (ii), we obtain On Waring-Goldbach problem of mixed powers 533 (3.12)
For α ∈ M(Q 0 ), Lemma 2.6 implies that
where the trivial bound |V * 2 (α)| U 2 log 2 N which can be deduced from (2.2) and (2.4) is used. The above estimate gives (3.13)
Now the well-known standard endgame technique in the circle method establishes that (3.14) 
and y 2 + u 
